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Physics 220 Symmetries Fall 2024
Assignment 6 —  Solutions

Due 11:59pm Thursday, November 7, 2024

1. Fun with the Frobenius-Schur indicator.

(a) Compute the Frobenius-Schur indicator for the 2-dimensional irrep of S3
using the matrices you constructed on the homework 3 problem 6. If you
get one, can you find the basis where it is real?

We can find the explicit basis by remembering that the fundamental rep-
resentation 3 of S5 acts on the vertices of an equilateral triangle as (real)
rotations and reflections, and 3 = 2 + 1. By starting with the matrices of
the adjoint rep, and projecting them onto the subspace orthonormal to the
singlet (which is the vector (1,1, 1)), we get a set of real matrices describing
the two-dimensional irrep of Sj.

In fact, the resulting matrices are just the 27/3 rotations and reflections
acting on a two-dimensional vector:

2 _gip 2
D(123) = e~ 51" = (COS 3 Sng) ,D(12) = (1 ! ) .

s 2
sin < Cos 3 0-1

(b) Consider the 2-dimensional representation of Qg. Using the character table,
decide if it is complex, real or pseudoreal.
Using the fact that (£1)% = 1, (+i)? = (£j)? = (£k)? = —1, the Frobenius-
Schur indicator is
1

N2 = 75—
Qs

> xa(?) = 5 (2xa(1) + bxa(~1) = S (2-2 46+ (-2) = £ (4~ 12) = -1
geQs

We conclude that the 2 is pseudoreal.

Write down its representation matrices in terms of Pauli matrices and check
your answer.

D(+£1) = 1, D(&i) = +iX, D(£j) = +iY, D(+k) = FiZ.

Indeed there are complex numbers involved and we are not easily rid of them.
It is a familiar fact that matrices satisfying the algebra of the three Pauli
matrices (a Clifford algebra) can’t be written without some is in various
places. To see this explicitly, notice that D(g)* = Y D(g)Y, and the Pauli
matrix Y is antisymmetric.



()

2. Fun

Let 0, = the number of square roots g of the element h = ¢? in the group
G. Then by writing the Frobenius-Schur indicator for an irrep as

| 1
= g D xalg®) = @l > onxalh) (1)
geG h=g%2€eqG

and using character orthogonality, show that

Op = Z naXa(h)‘ (2>

irreps,a

Multiplying (1) by x%(g) and summing over a gives

S i) 2 |—(1;| Y onxali)xi(e) = o % Zxa<h>xz<g>>

This last expression in parens is only nonzero if h and g are in the same
G|
nn
in the conjugacy class of h). Since oy, is only a property of the conjugacy

conjugacy class, in which case it is (where ny, is the number of elements

class, the factor of n;, cancels out and we arrive at (2).
with Frobenius reciprocity.

Take each irrep of S5 and decompose it into irreps of Z3 C S (for example
using the characters).
11 1
The character table for Zs is y3 = 1 w w?. The trivial rep gives the trivial
1w? w
rep. The sign rep of S3 has D(123) = 1 = D(321), so this also gives the

-1
trivial rep. The 2 has D(123) = (w _1) Dy(321) = (w >, so its
w w

trD(e) 2
character as a rep of Zs3 is X2 asarepofzs = | trD(123) | = | —1|. Acting
trD(321) ~1
0
on this with Xglxz asarepofzZs = | 1 |. So 2 = 1; @ 1y, where I label the
1

rep of Z, by Di(g*) = w* as 1,.

For each of the irreps of Zg, construct the induced representation of S3 (you
did this already for the trivial representation) and decompose it into irreps
of S3 (for example using the characters).



Let’s do them all at once. Choose as representatives of G/H the states
le) and [(12)), so we have D(12)]e) = [(12)). For the rep that takes g¢"
to wh £ =0,1,2, we have D(g) |e) = D(123)|e) = w’|e) and D(321)|e) =
D(g%)]e) =w™“|e) . Tofind: D(123)|(12)) = D(123)D(12) |e) = D(12)D(321) |e) =
D(12)w=t|e) = w™*|(12)). Similarly, D(12)](12)) = D(12)?](12)) = [e).

Therefore, the representatives of the two generators are
pa12) = (° 1), pai23) = o 0=0,1,2
- 1 0 ) - w_[ ) Yy Sy &

The characters are Yy = 0 . For ¢ = 0, we saw before

2)
3 é —/

(
(12
1
that this gives x 'xo = | 1 |, so the trivial rep of Zs induces 1 & 1’. For
0

0
¢ =1,2, we have y ! O = | 0 |, so these reps both induce the 2, whose
-1 2
matrices perhaps you recognize.
If our only goal were to decompose the result into irreps of G, we could use
the formula
XtnaG ) (9) = Ind% [xw](g).
to compute the characters of the induced reps from the characters of the
irreps of H, without actually constructing the induced reps.

(c¢) Check Frobenius reciprocity.

We’ve found
irrep of S3 iy irrep of Zs|irrep of Z3 nd irrep of S3
1 — 1 1 — 1e1
1’ — 1 1, — 2
2 — 1,61, 1, — 2

The number of times the 2 of S5 appears in the rep induced from either 1;
or 15 is 1. This is also the number of times they each appear in its decom-
position. Similarly, the trivial rep of Z* appears once in the decomposition
of 1" and of 1’; and hence it induces one of each. The same for each irrep of
each group. It works!

(d) [Bonus problem] Verify Frobenius reciprocity for Ay C Sy.


https://xkcd.com/54/

The character tables are

Sy no|1 17 2 3 3 o
(1) = om 111 2 3 3 Ay nell 1717 3
(12)=g= Z, 6|1-10 1 -1 (1 - 11113
(123) Zs 4|1 w w* 0

(12)(34) =@ Zy 3|1 1 2 —1 -1 Rl
(123)=F Zs 811 10 o (132 Z W2 w 0
(1239 = Z, 61 -1 0 —1 1 (12)(34) Zy 3|1 1 1 —1

Restriction is easy: obviously 1 — 1 and by definition of A4, the sign rep of
Sy, 1, restricts to the trivial rep of Ay.

2 0
—1 1
X2 of Sy as arep of Ay = 1|~ XAg 1
2 0
3 0
0 0
X3 of Sy as arep of Ay — 0 = XAy 0
—1 1
3 0
0 0
X3’ of Sy as a rep of Ay = 0 = XAy 0
—1 1

3’ =3 ® 1, so they look the same to the A4 subgroup.

Let’s decompose the induced reps using the character formula: if R is a rep
of H, then the character of its induced rep of G is

X1Ind R) | ZXR k™ gk
keG

where xr(g) = 0if g ¢ H. For example, xma(r)(1234) = 0 always, since no
conjugation can change the cycle structure and turn this into an element
of Ay. Similarly for xmar)(12) = 0. For the elements which are in Ay,
conjugating (12)(34) by anything gives back (12)(34) so the formula gives

X (12)(39) = 1524xe(12)(30) = 20a(12)(31)).

Finally, (123) can be conjugated to (321) by (12) or (12)(34), so
1
Xmd(r)((123)) = 2 (14+8+8+3)xr(123) + (6 + 6)xr(321)) = xr(123)+xr(321),

4



just the average of the two characters of A4. This gives

2 1 2 0
0 1 0 0
Xmd1) = |2 =xs: |0, Xmaan = | 2 | =xs, | 1
2 0 -1 0
0 0 0 0
2 0 6 0
0 0 0 0
Xmday = | 2 | =Xs, [ 1] Xmag = -2 =xs,|0
-1 0 0 1
0 0 0 1

Therefore, altogether:

irrep of Sy Be irrep of A,|irrep of Ay g irrep of Sy
1 — 1 1 — 18
1 — 1 1 — 2
2 - 131" 1” — 2
3 — 3 3 - 333
3 — 3

which indeed satisfies Frobenius.

3. As is simple.

(a)

Show that an invariant subgroup H C G is a union of conjugacy classes of
G.

The definition of invariant subgroup is ghg~* € H for all g € G,h € H. We
know G is a union of its own conjugacy classes, and the ones that intersect
H are completely in H.

[Bonus problem]| Find the number of elements of the conjugacy classes n¢
of As. The answer is nc = 1, 15,20, 12, 12.

First decompose the 60 elements of As into equivalence classes under con-
jugation by elements of Ss: this is just the even conjugacy classes of Sj:
e, (123), (12)(34), (12345) of sizes 1, 15,20, 24. When does a conjugacy class
of S5 split up into multiple classes of A5? If not all elements with the same

cycle structure are related by conjugation by an even element. So (123)
splits as a class of As because (123) = ¢(321)g, where ¢ = (12),(23) or



(13) for example, but no even permutation. If there were another odd per-
mutation that commuted with one of these gs, then we could make an even
permutation relating (123) and (321). But in S5 there is such a permutation,
namely (45). So (123) remains intact as a class of As. Not so for (12345)
which splits in half.

By the way, here is a nice result for all n, which I learned from Eliot Kisiel:
a class Cy of S, splits into two classes of A, of equal size if and only if
its centralizer in S, is entirely in A,: Z, C A,. This follows by the orbit-
stabilizer theorem: in .S,,,

C51Zg] = 1S
But under the hypothesis, the same equation holds in A,,:
G 11Z,] = |An] = |Sal/2.

Another way to see immediately that the 24-element class must split up is
that 24 does not divide |As| = 60, but the size of the conjugacy class is the
order of the stabilizer of any of its elements.

A nice point from Ruoyu Yin is that As is realized as the rotations a regular
dodecahedron. Elements of the form (12345) and (54321) are rotations by
27 /5 and 87/5 about the centers of opposite pentagons. These cannot be
conjugated to each other by any rotation.

(c) Show that As is simple by checking for possible sums of nes (necessarily
including 1) that divide 5!/2.
We can make 16, 21, 13, 25, 36... but none of these are divisors of 60. There-
fore Lagrange forbids any invariant subgroup of As. I got this argument from
Tony Zee’s book.

4. Induced representations.

(a) Check that the definition of induced representation in the notes actually pro-
duces a representation of G in the sense that D(g192) |n, z) = D(g1)D(g2) |n, )
for all g1o € G and |n,z) € W x Vg /p.
Recall that D(g) |n,z) =Y, |m, gz) D" (h)m,. Then on the one hand,

D(g1)D(g2) In, x) = D(g1) [m, gox) D" (h2)imn ~ g2au = Ggyahs (3)
= D(QI)D(GQM) Im, 0) Dw<h2)mn (4)
= |l, g1927) DW(h1>ZmDW(h2)mn (5)
= |0, 91902) DY (Mho)en 919200 = gy gyahihs



On the other hand,

D(g192) In, z) = Z 10, 192%) DY (M12)en 919200 = g, g,0his
¢

Comparing the expressions at right, we see that hijs = hi1hs and so the two
states are the same.

Show that the character of the induced representation Ind% (W) is

Xiag ) (9) = Ind% [xw](g)

where the operation on the RHS is defined in the lecture notes.

Xina§ () (9) = trwxvg, (D(9)) = Y {n,2||D(g) [n, z) (6)

n,x

= Z (n, z| <|m, gzT) DW(h)mn) 9z = agzh (7)

n,T

The inner product is (n,z|m, gzr) = 0 unless gr = x in G/H, i.e. unless
ga, = azh. Then this is

= ZtrWDW(a gayz) Z xw g1 991) Indg[XW](g)-

‘H‘ g1€G
(9)

Prove Frobenius reciprocity:

(v, Resfilo]) , = (Ind§[v], 0),

The LHS is
<¢7 1%eSH H | Z dj

heH

— the restriction map just forgets about the rest of G not in H. The RHS is

(i) = g 2 S e o)

918 lg



This first factor is zero unless g~ 's™'g € H, i.e. unless 3h € H such that
s71g = gh, that is, s = gh~'¢g~'. So we can rewrite it as

1 1
RHS = =gt 1
|H| |G| s,gZeGhEZH h=g g¢< )(/5(5) ( 1)
1

S w(h) glgh™'g ™) -
G||H| hGHZ,gEG m

= o S G = o (o) = LHS (13)
]H| by |H| heH

where at the last step we relabelled the summation variable h — h™!.



